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Abstract~This paper studies the limit behavior of fibrous materials which are composed of planar arrays of long
elastic, perfectly plastic fibers site bonded or imbedded in a strengthless matrix. The upper and lower bound limit
theorems are used to obtain equations for limit surfaces ofrepresentative structural elements offibrous membranes
in terms ofthe number, orientation and limit load of the constituent fibers. The effects offiber orientation geometry.
fiber yielding, fiber buckling and pullout of fibers from the remaining structure are included in the theory and
illustrated with numerical examples. Experimental results consisting of uniaxial tensile tests ofmetal wire mats and
non-woven fabrics are compared to analytical predictions.

INTRODUCTION

A CLASS of fibrous materials and structures exists which depends almost entirely on the
load bearing capacity of the fibers for their strength. Materials such as paper, non-woven
fabrics, fibrous metal mats, or metal fiber-reinforced plastics derive their strength from
interfiber site bonding with no continuous matrix, or by having the fiber structures im­
bedded in a matrix which serves only to transfer load and maintain positional geometry
but adds no significant strength of its own. It is materials ofthis nature, that fail by perfectly
plastic flow offibers, elastic buckling of fibers [1, 2] and pullout of fibers from the remaining
structure [3] which are investigated in this paper.

It was recently shown [4] that the upper and lower bound limit theorems of plasticity [5]
can be extended to include phenomena other than perfectly plastic flow and that fiber
buckling and pullout are admissible limit phenomena as long as they occur under constant
fiber axial load. Furthermore, it was also shown that structural collapse which occurs due
to any combination of acceptable limit phenomena can be handled within the framework
oflimit analysis. Limit analysis techniques are used in the present paper to develop equations
for limit surfaces for representative structural clements of fibrous membranes having
arbitrary fiber orientation and density and which exhaust their load carrying capacity
due to one or any combination of perfectly plastic flow, constant load buckling, and con­
stant load fiber pullout. It will be shown that not only are these surfaces exact for fibrous
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structures which are site bonded or impregnated with a strengthless matrix, but they are
also a rigorous lower bound to the limit surfaces for fibrous structures having a matm,
whose strength is not negligible.

Hill [6J has investigated the behavioral laws of a general class of perfectly plastic ~:om­

posites, and has shown, among other things, the existence of extremal surfaces m mean
stress space obeying the usual classical normality and convexity relations. These extremal
surfaces, which have all the qualities of the classical yield surfaces for perfectly plastic
materials, are completely analogous to the limit surfaces developed herein for fibrous
composites which can fail by buckling and pullout in addition to plastic How.

It should be mentioned that Drucker [7] has used limit analysis techniques to deter­
mine the strength of a rigid particle suspension in a perfectly plastic matrix under uniaxial
tension. Strength of uniaxially fiber reinforced materials has been investigated for several
material and geometrical configurations by Hashin [8J, Shu and Rosen [9] and Dow
et al. [10]. Limit analysis was used to determine strength in axial and transverse tension
and shear for restricted geometries, notably the composite cylinder assemblage. In all
cases, presence of a matrix and contribution of its strength to that of the composite was
an important feature of the analysis. A qualitative discussion of how layers of unidirec­
tionally reinforced composite sheets may be stacked to obtain high tensile strength in
more than one direction is given by Gerard and Lashmikantham [11J, who predict an
approximate maximum biaxial strength envelope for symmetrical biaxial reinforcement
with and without a matrix. No attempt is made by any of the above authors. however,
at obtaining complete yield surfaces for structural elements of fibrous composites.

Shaffer [12J has determined the elastic-plastic stress field in a uniaxially reinforced
plastic matrix loaded transversely to the fibers, and Mulhern et al. [13J have analyzed
a continuum model for single fiber family reinforcement of an elastic-plastic matrix.
Both papers are concerned only with elastic fibers. and multi-family plastic fibers are
given no consideration. Mechanics of non-woven fabrics has been studied by several
workers (see, for example, [3, 14]), where the main effort has been on predicting uniaxial
tensile stress-strain characteristics. However, no attempt was made to predict limit surfaces
or fabric strength under biaxial tension and shear loading.

In the next section, the limit theorems are used to obtain limit surfaces for membranes
composed of multiple families of fibers having arbitrary orientations and number densities,
and show the effect of fiber orientation. fiber buckling and fiber pullout. Examples are
given to illustrate the theory. Finally, experimental results consisting of uniaxial tensile
tests of metal wire mats and non-woven fabrics are compared to analytical predictions.

ANALYSIS

Geometry and equilibrium ala representative structural element
The fibrous membrane material for which limit surfaces will be developed is typified

by a representative structural element (RSE) which is composed of many long, nearly
straight fibers at various orientations in a plane. All fibers are elastic-perfectly plastic
with behavior as illustrated in Fig. 1. The fibers will all be assumed to have identical
geometrical and material properties. However, membranes containing any other specific
configurations of fibers having different properties (e.g. a membrane composed of both
nylon and steel fibers) can also be analyzed by the method outlined herein. There may
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or may not be a matrix of another material surrounding the fibers. If there is a matrix,
it is assumed to be strengthless insofar as resultant load bearing capacity is concerned,
but strong enough to transfer load to fibers and maintain fiber structural geometry. The
RSE is small compared to the total structure size, but large compared to the spacing
between fibers such that all typical fiber groups are contained in the element. In addition,
fibers may be interwoven, but the depth scale of the interweave is assumed very small and
flexural effects in the structural element are insignificant compared to membrane force
effects.

LOAD

DEFLECTION

FIG. I. Load-deflection curve for a single fiber showing ideal plasticity, fiber pullout and fiber buckling.

Define rectangular cartesian axes x and y fixed in the center of the RSE [Fig. 2(a)] which
is square and of unit dimensions. An angle (J is defined only between -n12 and nl2
measured positive counterclockwise from the x axis, and gives the orientation of the fibers
in the RSE.

The RSE is composed of n families of fibers, each fiber in the ith family having a specific
orientation (Ji where (Ji > ()i-l and ()i may be negative [Fig. 2(b)]. There are Vi fibers per
unit length perpendicular to the fiber axis in the ith family. It can be shown that the total
length of the fibers of the ith family contained in the RSE is also Vi.

If Vi is the length of ith family fibers per unit area of membrane and PI is fiber mass
density per unit length, then the total length of all fibers per unit area of membrane, L j,

and the fiber mass per unit area of membrane, M j' are, respectively,

n

L j = L Vi
i= 1

n

Mj=PILVi'
i~ 1

(1)

(2)
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We will be considering RSE's which are undergoing collapse, and hence all or nearl"
all of the fibers in the RSE will be at their collapse loads. If the fiber spacing for a given
family is not uniform in the RSE and fibers have the same load, there will be, III addition
to force resultants, an arbitrary number of in-plane force moments of various order
These moments are analogous to multipolar stresses for continua, the simplest of which are
couple stresses. Since a discussion of couple or multipolar effects is beyond the scope of

~1---1
(0) DIMENSIONS, FIBER ORIENTATION AND NUMBER DENSITY

(b) FIBER

-­Nxy1
'Ny

(c) MEMBRANE FORCE RESULTANTS

FIG. 2. Representative structural element of fiber membrane.

this paper, we will assume that all fibers in a given ith family are equally spaced and hence
the family's number density Vi is constant in the RSE. Under these conditions, the most
general membrane force resultants are normal forces Nx and Ny, and shear forces Nxy

per unit length [Fig. 2(c)]. If the axial force in each fiber oriented at 8 j isfi positive in tension
and negative in compression, we may write the membrane resultant normal and shear



forces as
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n

N x = L j;Vi COS
2 ei

i= 1

Ny = L j;Vi sin2 ei
i= 1

n

Nxy = L j;Vi sin ei cos ei
i= 1

1361

(3a, b, c)

Denote the magnitude of a fiber's limit load in tension by r and in compression by
CfJcr. It will be convenient when computing limit surfaces to define the following non­
dimensional membrane force

Nsns =--- (4)

where the subscript s can be either x, y or xy. It is seen that ns is the ratio of the actual
membrane force under consideration to the maximum tensile membrane force if all fibers
were oriented in the direction of pull.

If we let

Ii
CfJi = r (5)

be the non-dimensional force in fibers which are oriented at angle ei , we may rewrite the
fiber force-membrane stress equilibrium equations as

n

L qJiVi cos2 ei
i= 1nx =------

L qJiVi sin2 Oi
i= 1

ny=--~--

LVi
i= 1

L qJiVi sin Oi cos Oi
i= 1nxy = ---n----

LVi
i= 1

(6a, b, c)

The general limit surface for a fibrous membrane

The limit surface for a general fibrous membrane which collapses due to any com­
bination of plastic flow, buckling, or pullout of fibers will be obtained by using the limit
analysis theorems [4, 5] to compute coincident upper and lower bounds.

To compute an upper bound to the membrane limit surface, assume an RSE collapse
mode consisting of the RSE edges or boundaries deforming linearly with their position
in the plane. Let the RSE edge velocity be v(x, y) = vxi + vyj, where x and yare the position
coordinates of points on the RSE edges, i and j are unit vectors parallel to the x and y axes,
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respectively, and the velocity varies linearly with position of the edges:

(7a,hi

Here, ix, i y and i xy are constants and represent membrane extensional strain rates and
shear strain rate, respectively. Note that the RSE edge and hence only fiber ends are
subjected to a linear velocity, and fiber deformation in the interior remains unspecified.

The axial extensional strain rate of any fiber oriented at (Jj is

. . 2(J .. 2(J 2' . (J (J
eai = Bx cos i +By SIll i + exy SIll i COS i. (8)

It should be noted that if fibers are either buckling or pulling out of the structure ix' i y, £Xy
and ea, are not strictly strain rates. In these two cases, however, ix, i y and i xy do represent
the relative velocities of the RSE edges in the x and y directions and as such are valid
deformation measures in the limit analysis sense [4]. Similarly, even though ea, is not
truly an axial strain rate, the product ea,l (l = fiber length) gives the relative deflection of
fiber ends and hence is a valid deformation measure.

Since fiber extensional strain rate depends only on the macroscopic membrane strain
rates and the orientation of the fiber, (Jb all fibers in the ith family have the same extensional
strain rate. Since at collapse the deformation measures are those of the fiber limit state
we have

eai > 0, fibers are deforming plastically or pulling out in tension, fiber load is their limit
load in tension, fO.

ea , < 0, fibers are deforming plastically or buckling in compression, fiber load is their
limit load in compression, - qJeF.

ea, = 0, fibers are not deforming, fiber load may be anywhere between limit loads in
tension and compression, - qJJo :S /; :S F.

Examining equation (8) it is seen that a linear velocity field gives the typical fiber
strain rate shown in Fig. 3(a) as a function of (J. Within an orientation band of 2ex, ea is posi­
tive, and outside this band ea is negative. Only at the two positions

where

(9)

PI (lOa, b)

is ea zero, and a maximum of two fiber families are not undergoing limit deformation.
Note that depending on the signs of Pi and P2, ea may be negative inside and positive outside
the 2ex band.

The corresponding non-dimensional force in fibers as a function of (J is shown in
Fig. 3(b). For the opposite case where eais negative inside the lex band, qJ = - CPc inside and
qJ = 1 outside the band.

Following the usual procedure for upper bound computation, the rates of work done
by the external forces (Nx , Ny, N xv) and by the internal forces (fiber forcesjj at the RSE
boundary) are equated. The rate of external work, W, is given by

(11 )
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(a) EXTENSIONAL STRAIN RATE (b) NON DIMENSIONAL FIBRE FORCE

FIG. 3. Typical extensional strain rate and fiber force functions.

The rate of internal work, D, is

D= L 1 t-.l
all force relative

fibers in motion of
fiber fiber ends

The relative motion of fiber ends may be written t-.l = e) even in the case where fibers are
buckling or pulling out, and hence from equation (8) we have

n n

D = i x L /;v; cos2 (Ji + i y L /;v; sin 2 (Ji +2ixy L /;v; sin (Ji cos Oi' (12)
;=1 ;=1 ;=1

It is noted that the rate of internal work D is uniquely determined by the assumed velocity
field.

Setting D = W, we obtain

n

Nxix+Nyiy+2Nxyixy=ix L /;ViCOS2(J;+iy L /;v;sinzOi+2ixy L /;v;sin(Jicos(Ji (13)
;=1 ;=1 i=1

Since ix, i y, and i xy are arbitrary, the equality must hold for their coefficients, and we
recover the equilibrium equations (3a,b,c) with the.f; determined by their ea as shown in
Fig. 3(b). When applied to the n family membrane, this results in a fiber force system of

II = Iz = = jj- I = - cpcr ; - CPJo ::; Jj ::; +r
jj+1 = = Ik-1 = +r; -CPJo::; Ik::; +r (14)

j~+l = ... =/n = -CPJo

where j and k, j < k, pertain to the fiber families at the points where ea = 0, j + 1 through
k - 1 are the families contained within the 2a band, and 1 through j - 1 and k + 1 through n
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are the families outside the 2ex band. Substituting (14) into the equilibrium equations. we
obtain

j-1 k-l

N x = -qJcf° L ViCOS2(J;+JjVjCOS2(Jj+.ro L ViCOS2(Ji
i= 1 i=j+ 1

n

+ AVk COS
2
(Jk-qJc!O I Vi COS 2(Ji

i=k+1

j-l k-1

Ny = -qJcf° L Vi sin
2

(Ji+ JjVj sin2
(Jj+r L Vi sin2(Ji

i=l i=j+ 1

n

+Avksin2(Jk-qJcf° I vi sin 2(Ji
i=k+ I

j-I k-I

N xy = -qJcf° L Vi sin (JiCOS (Ji+fjVjsin (JjCOS (Jj+r L Vi sin (JiCOS (Ji
i=l i=}+1

n

+fiVk sin (Jk cos (Jk - qJcr L Vi sin (Ji cos (Ji
i=k+ I

(15'4 b, c)

where -qJcr s ii. Ii s +r· Equations (15) are linear functions of the two parameters
Jj and A, and describe a bounded plane in three dimensional N x, Ny, N xy space in para­
metric form. This plane is an upper bound to a portion of the membrane limit surface.
Replacing +r with qJcr in the above equations and vice-versa, an upper bound to
another portion of the limit surface is obtained. Letting j and k,j < k, run through all
possible combinations from 1 to n will yield a surface composed of nJj(n 2)1 flat faces
which is an upper bound to the entire limit surface for the fibrous membrane.

To obtain a lower bound, merely assume the fiber force system (14) which resulted from
the linear velocity field. It is seen that we recover equations (15) but this time as a lower
bound to the limit surface. Since the upper and lower bounds coincide, it is concluded that
equations (15) describe the true limit surface for the n family membrane element.

Hill [6J has proven that during plastic flow, the generalized strain rate vector associated
with a generic point on the yield surface of a composite is normal to the yield surface at
that point. Drucker [15, 16J has also shown that normality of the strain rate vector to the
yield surface follows immediately if materials or structural elements obey the stability
postulate. Since by definition we are considering fibers which behave in a neutrally stable
way, normality is a direct consequence of our assumed material and structural behavior.
However, normality can also be shown to follow directly from equations (7), (11) and (15).

The limit surface (15) is exact for the membranes considered; i.e. those whose fibers are
held together by site bonds or impregnated with a strengthless matrix. The surface, however,
is also a rigorous lower bound for structures whose fibers are imbedded in a perfectly
plastic matrix whose strength is not negligible. This is readily seen by assuming a constant
uniaxial stress in the fibers which varies with orientation in the manner of equation (14),
and zero stresses in the matrix. By the lower bound theorem, the stress resultants (15) are
lower bounds to the limit surface for a structure imbedded in a matrix of material which has
an arbitrary limit condition. It is expected that the lower bound will be closer to the true
limit surface as the strength and volume of matrix becomes smaller than the strength and
volume of fibers.
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In summary, for the general case of an n family fiber membrane composed of fibers
which collapse by perfectly plastic flow, constant load buckling and constant load pullout,
introduction of a fiber force field of the form (14) into the equilibrium equations (3) will
give an n !j(n - 2)! faced limit surface in N x' Ny, N xy space which is exact for site bonding
or strengthless matrices and a lower bound for matrices having nonzero strength. In order
to compute the limit surface for a particular membrane, the orientation, number density
and tensile and compressive limit loads of the fibers which compose it must be known.

As examples of use of the above theory and to illustrate some effects of fiber orientation,
we will compute limit surfaces for membrane configurations shown in Fig. 4. For simplicity,
assume that the fiber limit loads are equal in tension and compression giving ({Jc = 1.

Case (a) [Fig. 4(a)]. Three families having equal fiber density VI = V2 = Y3 = y
O j3 but

oriented at - 45°, 0° and +45° with the x axis. The length of fibers per unit area, L j'

and mass per unit area, M j , are equal to yO and P1VO, respectively. Equilibrium in non­
dimensional form is

n = ({J 1+ ({J2 + ({J3 •
x 6 3 6'

_({Jl+({J3.
ny - 6 6'

({J3 ({J In =---xy 6 6 (16)

III' 112 , 113 , ~
0

3

8,=-*.82=0.83 =*
(0)

II II'
I" 112 " 113 " '4" 4

81"-!! 8,," 0 83" J! 84 " !!
4 1

" , 4 I 2.

( b)

FIG. 4. Fiber membranes with different fiber orientation, but the same total number of fibers.
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All combinations of type (14) are given non-dimensionally as follows'

- 1 :$ ({Jl :$ L

-I :$({JJ S J,

({Jz = ± J, - 1 S ({J3 S 1

--JS({JzSI, (p3=±1 ([7bj

({JJ = ±l, -I :$({Jz S 1, -1 S({J3 S 1 Olel

which, when substituted in the equilibrium equations, yield the following six bounded
planes shown in Fig. 5(a):

H, = ({Jd6+(1/3/6±J

ny = 'PI!6 + ({J3/6,

nxy = 'P3/6 ({JI!6

l1 y = 'PI!6±t,

H,y = ±i-(pI!6

(ISa)

(l8b)

H, = ±i+'PZ/3+({J3/6

11y = ±!+'P3/6, -1 S 'PZ,'P3 S I

11xy = 'P3/6

(18c)

Case (b) [Fig. 4(b)]. Four families having equal fiber density VI = 1' z = 1'3 = 1'4 = 1'°/4
oriented at -45°,0°, +45 0 and +900 with the x axis. The total length per unit area of
fibers is still 1'0. In an identical manner to case (a), substituting all possible force combina­
tions obtainable from (14) into equilibrium equations from (6), we get the twelve sided limit
surface shown in Fig. 5(b). Note that the four family membrane has greater load bearing
capacity in uniaxial tension but less in pure shear than the three family membrane for the
choice of axes shown.

Continuous fiber distributio11

A membrane composed of n fiber families has an exact limit surface containing
11!/(n-2)! flat faces. As 11 gets very large it will be cumbersome to perform computations
using the exact limit criteria and it will be convenient to develop a continuous approxima­
tion to this surface.

Let it be assumed that the fibers in the ith family are spread uniformly between OJ and
OJ + I instead of being oriented at OJ.

Define the number of fibers per unit length per unit angle oriented at 0, + !'lO,/2 as

(19)

where

(20)
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(~,~.o)

(0)

(~.~.o)

(b)
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FIG. S. (a) Limit surface for membrane shown in Fig. 4(a}. (b) Limit surface for membrane shown in
Fig.4(b}.

An approximation of Vi as n gets large and ~fJi gets small is to draw a smooth curve v(fJ)
through Vi' The equilibrium equations in terms of the continuous function v(fJ) can be
written

1
,,/2

N = f«(})v«(}) cos2
(} d(}

x -,,/2

1
,,/2

N = f«(})v«(}) sin2
(} d(}

y -,,/2

1
,,/2

Nxy = f«(})v«(}) sin () cos () d(}
-,,/2

(21a)

(2Ib)

(2Ic)
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These equations with v(O) known and f(O) given non-dimensionally by Fig. 3(b) are an
approximation to the limit surface in terms of the angle parameters i' and :1 :

Nx = -cpcf° f:1!~~2+Y-' v(0)cos20dO+r r:22~~;;f""vW)coslOdO-cpc!°

x r~~2+Y+' v(O) cos
2
0 dO

Ny = -CPJo J:1!~~2+Y-' v(O) sinlO dO+r L-:l
2

C+Y'c,' v((}) sinlO dO-cp,r

x r~~2+Y+' v(O)sin
2
0dO

N xy = - cpcf° t-1!~~2+Y-, v(O) sin 0 cos 0 dO +r t-:l
2

++;J_+,' v(0) sin () cos edO

f
1!/l

- CPJo v(0) sin () cos 0 dO-1!/2+y+,

(22a)

(22b)

(22c)

The mechanics of fiber membrane structures divides rather neatly, then, into two main
areas: those fiber membranes containing many fiber families where a continuous function
v(O) may be used without serious error, and those membranes where the discrete formulation
must be used to maintain accuracy. It is remarked that if the relation

v(O) = L vib(O - Oil
;= 1

(23)

where b(O - OJ) is the Dirac impulse function, is substituted into (2Ia, b, c), the exact
equilibrium equations (3) are recovered. One may therefore equally well use the equations
for continuous fiber orientation distribution (2Ia, b, c) with the fiber force function in
Fig. 3(b) and the relation (23) and still retain complete accuracy and generality.

A comparison between continuous and discrete formulations gives

f
1!/2 /I

v(O) dO =L Vi
-1!/2 ,= 1

(24)

(25)

and hence the length and mass density functions (1) and (2) become for the continuous case,

L j = r~~2 v(O) dO

f
1!/2

M j = PI v(O) dO.
-1!/2

(26)

As an example, consider a membrane composed of many fibers uniformly distributed
from 0 = -n12 to +nl2 such that v(O) = V

C = const. Here, V
C is not the total length of

fibers per unit membrane area, but is related to it by equation (25):

L r = nv'.
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(28)

The membrane is then isotropic. Let, also, the fiber limit loads be equal in tension and
compression so that <Pc = 1. Substituting for v and <Pc in (21a, b, c), non-dimensionalizing
in the manner of (6a, b, c), integrating and simplifying,

2a 1 1.
nx = -----sm2acos2y

11: 2 11:

2a 1 1.
ny = - - - +- sm 2a cos 2y

n 2 n
(27a, b, c)

-1 . 2 . 2nxy = -sm a sm y
n

where °::::;; a + y ::::;; n, a ::::;; y

Eliminating y and a, the limit surface equation becomes

[~(nx-ny)J -[nnXy]2 = cos2[~(nx+ny)J.

This surface is shown in Fig. 6. Note that for isotropic plastic materials in plane stress
the surface (28) resembles both the Tresca yield surface (ellipsoidal cylinder capped by two
right elliptical cones) and the von Mises ellipsoid. Furthermore, it is also interesting to
note that for nxy = 0, the isotropic fibrous limit surface becomes two intersecting cosine
curves and resembles closely a yield condition proposed by von Mises [17] composed of
two intersecting parabolae.

Unequal jiber tensile and compressive limit loads-jiber buckling and pullout

As discussed earlier, fiber buckling and pullout are possible limit phenomena especially
when no matrix material surrounds the fibers. There is also evidence to suggest that some
fibers have unequal tensile and compressive yield strengths [18]. All these phenomena
will result in <Pc -# 1, the exact value of <Pc to be determined by the particular limit mechan­
isms involved.

ny

FIG. 6. Limit surface for uniform. continuous fiber orientation distribution.
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(29a, b, C!

The qualitative effect of CfJc -# 1 can be seen by rewriting the general limit surface
equations (15) or (22) as

N = (L~P-'")Nl + (~~_P-")N0
x 2 x 2 x

N = (1.+. CfJ.!.) N 1 + (L=-(Pc)' N0y 2 y 2 y

_ (I+CfJC) 1 (I-CfJc) °N xy -·-2- N xy + --2- N xy

where N~, N; and N~y are values on the limit surface for CfJ, = 1; N~ and N~ are the values
of N x and Ny, respectively, when all fibers are collapsing in tension and are therefore the
maximum positive normal membrane forces; and N~y is the value of N xy when N x = N~

and Ny = N~. Hence, determining the limit surface for CfJc -# 1 from the limit surface for
CfJc = 1 can be interpreted geometrically as holding the point (N~, N~, N~y) stationary in
N x, Ny, N xy space and shrinking (CfJc < 1) or expanding (CfJc > 1) all linear dimensions to
(1 +CfJc)/2 times what they originally were (Fig. 7).

FIG. 7. Effect of unequal tensile and compressive limit loads for fibers.

To illustrate fiber buckling, consider the three family fiber membrane analyzed pre­
viously for fiber limit loads equal in tension and compression. Suppose the fibers are
extremely thin and not embedded in a matrix, and the distance between fiber crossings is
large so that the fibers buckle under an infinitesimal compressive load (CfJc = 0). A com­
parison between load bearing capacity of the same membrane with and without a matrix
to prevent buckling is shown in Fig. 8(a). Note that the surface with fiber buckling cannot
carry the same variety of loading as can the surface without buckling. For example, no
compressive normal membrane force is allowed.
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Fibers
Buckling

<al FIBERS BUCKliNG AT ZERO COMPRESSiVE LOAD

f y----p--- /

/- ---------------/ No Fiber
I I / Puiioul

--- ---. -- --- - - ---(''' / /,

// //;L..-.-n
X1./ I

I I I

:: /W~Fibers Pulling Out

~...;;;...;;;.f...;;.;.....,=;~.P;;,/..,.;,;:;~j1' -

Inxy
<b> FIBERS PULliNG OUT AT HALF THEiR PLASTIC YIELD LOAD

FIG. 8. Limit surfaces for three family fiber membrane showing fiber buckling and pullout.

1371

An illustration of fiber pullout in tension is given by the same three family membrane
with fibers pulling out of the structure at a tensile load ofr /2. The resulting limit surface
is shown in Fig. 8(b). As one would expect, this particular fiber pullout load greatly reduces
the tensile load bearing capacity of the membrane.

COMPARISON WITH EXPERIMENTAL DATA

Uniaxial tensile tests of thick, planar isotropic mats of metal fibers by the Huyck
Corporation are described in [19J, where the fiber plastic limit load in tension is known.
As will be seen, it is possible to predict an upper bound to the ultimate uniaxial tensile
strength of the mat. Also, tensile tests of several anisotropic nonwoven fabrics which were
reported by Cusick, et ai. [20J and Hearle and Stevenson [14J, give ultimate uniaxial
tensile strength as a function of the angle to the fabrics' cross-machine direction at which
the samples were cut. Even though the absolute tensile strength values cannot be predicted
because the fiber limit loads are not known, the shapes of analytical and experimental
tensile strength vs. sample angle curves can be compared.

The mechanical properties of Fibermetai, a sintered metal fiber mat manufactured by
the Huyck Metals Company for accoustic, filtration and composite materials applications,
are presented in Ref. [19]. Mats for which both fiber tensile limit load and mat uniaxial
tensile limit load are available were made from lengths of 347 stainless steel wire, 0·002
and 0-004 in. diameter, respectively, the wires having an ultimate tensile strength of about
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100,000 psi. The wire lengths were made into mats with approximately uniform planar
orientation distributions, but different apparent densities by a sintering process which
site-bonded the fibers at their crossings.

For an isotropic fiber mat which collapses by plastic flow of fibers in tension and
compression, the limit surface is given by equations (6) and (28). If we let the direction of
pull be the x direction, then for uniaxial tension. N, = N,,. = O. Equations (6) and (28)
then give

lV, = 0-47nfo\.o (30)

Now, the nominal mat stress is given by the tensile force per unit width, No divided by
specimen thickness, t, and can be written from equation (30) as

(3! I

where A f is the fiber cross sectional area and L f = nl'° is the fiber length density. In terms
of the mat density in units of percentage of solid metal, D, we get for aO = 100,000 psi.

N,!t = 470 D ( (>~) psi (32)

for prediction of ultimate tensile mat strength if all fibers fail plastically.
It was observed [19J that mat failure was caused primarily by failure at interfiber bonds

for low densities, but more by failure of individual fibers at higher densities. The bond
failure mode was noticed more markedly for the 0·004 in. diameter wire mats than for the
0·002 in. diameter wire mats. In addition, there may be fibers buckling in compression at
the low mat densities which at the higher densities fail plastically in compression due to
greatly decreased unsupported length.

Since fibers cannot develop their full plastic limit load because of bond failure and
possibly buckling, equation (32) is not expected to agree with test data at low densities.
Because the larger diameter fiber mats showed more marked bond failure, it is expected
that their strengths will be less than for the thin diameter fiber mats. In all cases, (32) should
be an upper bound to mat ultimate tensile strengths since fiber buckling and bond failure,
if they occur, will take place at a stress lower than or equal to the fiber tensile yield stress.

Experimental results of nominal mat ultimate stress versus mat density from [19J are
plotted in Fig. 9 along with the upper bound (32). As predicted, test data are not near the
upper bound for low densities, but come to within 96 and 72 per cent of the upper bound
at the highest densities tested for the 0·002 and 0·004 in. diameter wire mats, respectively. At
all densities, the smaller diameter wire mats exhibit the higher ultimate strength as expected.

Hearle and Stevenson [14J report uniaxial tensile tests of samples of three different
anisotropic non-woven fabrics where fiber orientation distributions have been determined.
Of the three fabrics, only the Lantor, Ltd. 5206.L non-woven made from viscose fibers
bonded with an acrylic binder is known to fail by pullout of fibers from the remainder of
the web.

A typical membrane force (force/unit length) vs. membrane strain curve from [20J for
the 5206.L fabric shows a large area before failure where strain can increase with essentially
no increase in membrane force. It seems reasonable, therefore, to assume that the fibers
are pulling out under constant load.

Uniaxial tensile tests were performed on samples cut at various angles () to the non­
wovens' cross-machine direction (the cross-machine direction is arbitrarily chosen as the
x-axis and corresponds to e = 0). To obtain a prediction of fabric strength as a function
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FIG. 9. Experimental and analytical 347 S.S. wire mat nominal ultimate tensile strength vs. mat density.
Experimental values from [19].

of sample angle, let nx, ny, nxy be the non-dimensional membrane stresses for x-y axis
imbedded in the fabric. It is required that non-dimensional uniaxial tensile stress t in the
x' direction be the only non-zero membrane stress in the x'-y' coordinate system at an
angle 8 with the original x-y axes. This, in turn, requires that

t(8) = nx+ny

(33a, b, c)

Therefore, values on the limit surface of a non-woven which satisfy equation (33c)
correspond to the ultimate tensile strength t of a sample cut at an angle 8 with the machine
direction given by (33a, b).

To compute the limit surfaces of the non-woven fabric, it was assumed that fiber limit
strengths were equal in tension and compression, and equations (22a, b, c) were numerically
integrated on a digital computer using the experimentally determined values of fiber
orientation distribution [Fig. lO(a)]. The computer program included a Newton-Raphson
iteration technique to find values of nx , ny on the limit surface where equation (33c) is
satisfied, and computed the corresponding values of t and 8.

Both analytical and experimental results are shown in Fig. lO(b). Since the actual fiber
limit load is not known, the scales of the analytical and experimental values were adjusted
to coincide at 8 = n12. It is seen that good agreement between predicted and experimental
values is obtained.
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FIG. 10. (a) Fiber orientation distribution from [14]. (b) Comparison of theoretical and experimental
[14J ultimate tensile strength vs. sample orientation angle. Lantor Ltd. 5206.L Fabric.

CONCLUSIONS

Load bearing capacity of fibrous membranes in the form of limit surfaces can be
computed from methods and equations presented herein. Fibers which are site bonded
to form a structure as well as those imbedded in an essentially strengthless matrix can be
treated as long as exhaustion of additional load bearing capacity occurs for any combina­
tion of the following three reasons:

(1) perfectly plastic flow of fibers,
(2) constant load elastic buckling of fibers,
(3) pullout of fibers under constant load from the remaining structure.

The limit mechanism and fiber limit loads must be known for the particular fibrous struc­
ture under consideration.

The limit surfaces derived herein also represent rigorous lower bounds to a fibrous
composite structure containing a perfectly plastic matrix material whose strength is not
negligible. It is expected that this lower bound will be close to the true limit surface for
structures where matrix strength and volume are small compared to fiber strength and
volume.
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The complete generality of the limit surface equations in terms of the fiber orientation
density makes them particularly valuable for analyzing ultimate strength characteristics
of fibrous membranes. A degree of complexity has been removed since the basic structural
material is no longer the fibers, but the structural element having limit characteristics
computed from the preceding equations. In addition, the equations Imlke it possible for
the design engineer to evaluate structural designs having different fiber orientation den­
sities, and hence obtain optimal configurations for particular applications.

Available experimental data indicate reasonable agreement with theory for those
materials that are known to exhibit acceptable limit behavior.
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A6cTpaKT~B pa60TC I1CCJ1CllYCTCll npCllCJlbHOC nOBCllCHHC BOJIOKHHCTblX MaTCpl1a,lllH, COClaBJlellHbh

111 fTJlOCKI1X PllllOB llJ1HHHbIX, ynpyrHx, HllCaJ1bHO nJiaCTHYCCKHX BOJlOKOH, CBWlaHHblX B YlJIax IUH1

paCn0J10lKCH HblX B IlCHanplllKCHHOH pCWCTKC. V1cnOJlb1YIOTCll rcopCMbl npCllCJlbHOrO BCf1XIICI 0 H HlllKHcro

OrpaHHYCHHll llJ111 nonYYCHI111 ypaBHcHHH npcncnbHblX nOBcpXHocrCH npCACTaB;leHHhIX lJ!CMCWIOB I(OH­

crpyKUHH BOJlOKHHCTblX MeM6paH, BblpalKCHHblX YHCJlOM, HallpaBJleHHCM H lIf1eJlC.lbllOii lIarPYJl((lH

COCTaBJ111lOwHX B0J10KOH. B TCOpHH llalOTCll 3<IJ<lJCKThl rCOMerpHH HallpaBJ1CIlHll BonOKOII HX ICYCHHC,

BblfTy'lHBaHHe H YAaJlCHHC Hl OCTaJlbHOH KOHCTf1YKUHH. Bcc 'lTO HJlJIKlCTPHPYCTCll 'lHCneHllbIMH IIf1HMCf1aMI1,

3KcnepHMeHTaJlbHbiC pC1yJlbTaTbl, KacalOlllHCCll onblTOB Ha paCTlllKCHHC MCTaJlJlHYCCKllX npOBOnlJYHbl\

CCTOK H HenJleTCHHblX TKaHCH cpaBHHBalOTCll C aHaJlHTHyeCKHMH npeAlJOJlOlKeHHllMH.


